This paper presents the micromechanical modeling of fiber bridging constitutive laws of a discontinuous fiber reinforced composite (DFRC) under monotonic and cyclic loading with the effects of fiber fatigue rupture. Based on the considerations of fatigue damage on randomly distributed fibers under the fatigue loading of constant crack opening amplitude, the monotonic and cyclic fiber bridging constitutive laws are derived. It is shown that, as fiber fatigue rupture proceeds, maximum bridging stress as well as crack opening displacement at which bridging stress vanishes are decreased. Also, the critical normalized number of cycles, n*crit, at which crack bridging degradation takes place, is analytically derived, and its role is explained for the design of a DFRC against fatigue.
Introduction
Recently, short fiber reinforced cementitious composites are increasingly applied into civil engineering structures. These composites are placed in structural members in such a way that their high strength, ductility, and fracture toughness in tension are utilized in order to increase the safety, ductility, and durability of structures. It is known that those beneficial composite properties are thanks to bridging fibers that transfer stresses across a crack, and it is important to understand a fiber bridging constitutive law, which is the relation between bridging stress and crack opening displacement, based on micromechanical parameters such as fiber length, fiber diameter, fiber modulus, interfacial fictional bond strength, and so on.
Some of the structural applications show that the composites are used in structural members where severe load repetitions are present, and that the composites are expected to yield long-term durabilities with their high fatigue strength, high crack resistance, and crack width control ability. In order to evaluate the long-term durabilities under load repetitions, it is necessary to understand a fiber bridging constitutive law under cyclic loading and also understand the long-term degradation of fiber bridging itself. The fiber bridging constitutivelaw under cyclic loading has been derived already, and it has shown the validity in comparison to experimental measurements1). The next step is the consideration of the long-term degradation in fiber bridging itself This is because fiber bridging itself can be considered to degrade in the long run, namely the transferred stresses decay as load repetitions continue. For degradation, there can be two possible mechanisms. One is interfacial bond degradation, and the other is fiber fatigue rupture. Under cyclic loading, there is ample evidence to show that interfacial fictional bond strength changes under a large number of cyclic loads, e.g. in aligned continuous fiber reinforced ceramic matrix composites such as SiC/CAS2)3)4)5)6) and SiC/SiC7)8) and in steel fiber reinforced concrete9). The interfacial bond degradation has been implemented into the bridging constitutive law in a fatigue crack growth analysis, and an experimental crack growth measurement was successfully reproduced10). Furthermore, the stress-life (S-N) relation of 
and for fibers that have been in sliding stage under the preceding pull-out loading, the fibers undergo unstretching and contracting according to (4) 
(see Fig. 3 ). This simple assumption does not account for fatigue limit, below which fatigue failure never occurs, so every fiber fails in fatigue at a finite number of cycles. It also does not account for mean stress effect, which changes the coefficient, b, of the S-N relation under different mean stress of a load cycle. According to the assumed S-N relation of a fiber, the condition for fibers to have survived for n cycles of fatigue loading is given by
The stress amplitude in a single fiber,ƒ¢ƒÐsf, can be obtained through dividing the fiber pull-out/push-in load by the fiber cross sectional area:
where ƒ¢P = fiber pull-out/push-in load amplitude applied for n cycles and is either ƒ¢P1, ƒ¢P2, or ƒ¢P3 depending on the embedment length of a fiber (Fig. 5) (13) or, in a normalized form,
Therefore, the domain of surviving fibers is limited by (13) or (14), and only the fibers that satisfy •@ , and
•@ can survive (Fig. 6 ).
In the case of •@ , the limit is dependent also on•@ . 
and, for•@ (16) where (17) and (18) And the monotonic bridging constitutive law for the postpeak•@ is given by, for•@ ,
•\ 895•\ As shown above, the degradation of fiber bridging stresses starts when n*crit. exceeds n*crit. The two equations above are the condition for a single fiber inclined at 90 degrees to the crack plane to be fatigue-ruptured and are for a fiber in debonding and sliding respectively. This n*crit tells the point at which fibers start to be ruptured not only under constant crack opening displacement amplitude condition, but also under constant stress amplitude condition, since two conditions are the same until load redistribution takes place upon the rupture of the first fiber. However, when n*>n*crit under constant stress amplitude condition, bridging stress curves are different from those under constant crack opening displacement amplitude condition. Also, it should be noted that, under variable stress amplitude condition, n*crit does not hold valid.
Concluding Remarks
This paper presented a theoretical formulation of the cyclic constitutive law for a discontinuous fiber reinforced composite with the effects of fiber fatigue rupture. The formulation is based on the micromechanics of fiber bridging under cyclic loading, enabling the effects of microstructural parameters to be evaluated.
The single fiber behavior ( relation) was reviewed. Also, the notations of fiber bridging constitutive law under cyclic loading ( ) were introduced based on the previous studies. Effects of fiber fatigue rupture are included in the constitutive laws under monotonic and cyclic loading, accounting for the fatigue rupture of randomly distributed fibers under constant crack opening displacement amplitude. As fiber fatigue rupture proceeds, maximum bridging stress as well as crack opening displacement at which bridging stress vanishes are decreased. The critical normalized number of cycles, n*cri , t at which crack bridging degradation takes place, is analytically derived.
For the future tasks, it is necessary to conduct experimental measurements to show the validity of the derived fiber bridging constitutive law, to apply the fiber bridging constitutive law to progressive crack occurrence and growth in a structural analysis, and also to extend the constitutive law beyond the assumptions of frictional bond controlled interface and no fiber rupture under static loading.
Appendix Derivation of the Monotonic and Cyclic Fiber Bridging Constitutive Laws with Effect of Fiber Fatigue Rupture
The monotonic and cyclic fiber bridging constitutive laws with effect of fiber fatigue rupture can be derived in a similar way to the cyclic fiber bridging constitutive law derived by Matsumoto1). The difference is the integration domain reduced due to progressive fiber fatigue rupture (Fig. 7 for monotonic and Fig. 8 for cyclic constitutive law). defined in Fig.   7 and Fig. 8 determine the integration domain and have expressions as follows:
and It should be noted that, for all ƒÓi's in the equations below,
